we denote the set of all r-th order linear connections on M .
Introduction.
The concept of r-th order connections was firstly introduced on groupoids by C. Ehresmann in [2] and next by I. Kolář in [3] for arbitrary fibred manifolds.
Let us recall that an r-th order connection on a fibred manifold p 
F(Γ, Λ) := F(Γ) • (id F Y × Λ) : F Y × M T M → T F Y
is the lifting map of a general connection on F Y → M . The connection F(Γ, Λ) is called F -prolongation of Γ with respect to Λ and was discovered by I. Kolář [5] . Let ∇ be a torsion free classical linear connection on M . For every x ∈ M , the connection ∇ determines the exponential map exp ∇ x : T x M → M (of ∇ in x), which is diffeomorphism of some neighbourhood of the zero vector at x onto some neighbourhood of x. Every vector v ∈ T x M can be extended to a vector fieldṽ on a vector space T x M byṽ(w) = ∂ ∂t |t=0
[w+tv]. Then we can construct an r-th order linear connection E r (∇) :
This connection is called an exponential extension of ∇ and was presented by W. Mikulski in [9] . Another equivalent definition (for corresponding principal connections in the r-frame bundles) of the exponential extension was independently introduced by I. Kolář in [6] . Hence given a general connection Γ on Y → M and a torsion free classical linear connection ∇ on M , we have the general connection
O O commutes, too. The regularity means that every A M transforms smoothly parametrized families of connections into smoothly parametrized ones.
Thus the construction F(Γ, Λ) can be considered as the FM m,n -natural operator F :
. Similarly, the correspondence E r : Q τ Q r is the Mf m -natural operator. In [4] , the authors described all FM m,n -natural operators D :
In this paper we determine all FM m,n -natural operators D :
. We assume that all manifolds and maps are smooth, i.e. of class C ∞ . In [8] W. Mikulski presented a concept of (Γ, ∇, y 0 , r)-quasi-normal fibred coordinate systems on Y for any r. For r = 3 this concept can be equivalently defined in the following way. 
Quasi
where [8] for r = 1 is presented in [7] . 
From the proof of Proposition 2.2 from [8] it follows that (B × H) • ψ is a (Γ, ∇, y 0 , 3)-quasi-normal fibred coordinate system for any B ∈ GL(m) and any diffeomorphism H : R n → R n preserving 0. In other words, the FM m,n -maps of the form B × H for B ∈ GL(m) and diffeomorphisms H : R n → R n preserving 0 ∈ R n transform quasi-normal fibred coordinate systems into quasi-normal ones.
From now on we will usually work in (Γ, ∇, y 0 , 3)-quasi-normal fibred coordinates for considered Γ and ∇. If coordinates are not necessarily quasinormal, the reader will be informed. 
Because of the canonical character of the construction J 2 (A) (Γ, ∇) we obtain the following proposition.
Proposition 2. The family
Example 2. For every torsion free classical linear connection ∇ on a manifold M we have a canonical vector bundle isomorphism ψ ∇ :
where τ ∈ J 2 x T M, x ∈ M, ϕ is a ∇-normal coordinate system on M with centre x and I :
In the main result of [9] , W. Mikulski showed that Mf m -natural operators
In other words, the second order linear connections Λ = A(∇) : T M → J 2 T M on M canonically depending on ∇ are in bijection with the tensor fields
On the other hand, from [9] it follows that
Finally, in the accordance with Example 1 we have a general connection 
Now we define general connections
where ∇ 0 is the usual flat classical linear connection on R m .
Because of the canonical character of the construction J 2 [i] (Γ, ∇) for i = 1, 2 we have the following proposition.
The following theorem classifies all FM m,n -natural operators D : 
In
In the proof we use methods for finding natural operators presented in [4] and lemmas from [1] .
Proof. Let x i , y p be the usual fibred coordinates on R m,n ,
be the additional coordinates on J 2 R m,n and
The standard coordinates on
Let ω k be the usual coordinates on T * R m . Then the induced coordinates on the tensor product
is the affine bundle with the corresponding vector bundle T * M ⊗ V J 2 Y , we have the corresponding FM m,n -natural operator
It transforms a general connection Γ :
Of course, the operator D is fully determined by
. In other words
, so it is sufficient to investigate the operator Δ D . Using the invariance of Δ D with respect to the homotheties ψ t = tid R m,n covering ψ t = tid R m for t > 0, we have the homogeneous conditions
for any general connection Γ on R m,n , any torsion free classical linear connection ∇ on R m and any ρ ∈ (J 2 R m,n ) (0,0) . Using the general theory and the above local coordinates, the above condition can be written as the system of homogeneous conditions. Now, by the non-linear Peetre theorem [4] we obtain that the operator Δ D is of finite order r in Γ and of order s in ∇. Having the natural operator Δ D of order r in Γ and of finite order s in ∇, we shall deduce that r = 2 and s = 1.
The operators Δ D of order 2 in Γ and of order 1 in ∇ are in bijection with G 3 m,n -invariant maps of standard fibres f :
This map is of the form
The group G 3 m,n acts on the standard fibre S 0 in the form Finally, the group G 3 m,n acts on Z in the form Now we want to show that every FM m,n -natural operator
is of order 2 in Γ and of order 1 in ∇. Using the general theory, the operators in question are in bijection with G q m,n -invariant maps
where q = max{rank(J r J 1 ), rank(J s Q τ ), rank(J 2 ), rank(T * ), rank(V J 2 )} = max{r + 1, s + 2, 2, 1, 3} = max{r + 1, s + 2, 3} ≥ 3. We shall investigate these maps. Let α and γ be multi indices in x i and β be a multi index in y p . This associated map of our operator has the form
where |α| + |β| ≤ r and |γ| ≤ s.
Using the homotheties 
;k is a polynomial independent of the variables with |α| > 1 or |γ| > 1. In other words, 
Hence the associated map of our operator is independent of (Γ 
m,n and all torsion free classical linear connections ∇ on R m such that ψ = id R m,n is a (Γ, ∇, (0, 0), 3)-quasi-normal fibred coordinate system on R m,n over ψ = id R m . For vector bundles E → M we have the standard identification V E = E × M E which is a vector bundle isomorphism. As R m,n is a vector bundle and J 2 R m,n is a vector bundle we can write that
Next we use the usual 
n * , w ∈ R m and all Γ, ∇ in question. Using the polarization formula from linear algebra, we have that every symmetric bilinear form on a vector space is uniquely determined by the corresponding quadratic form. Therefore, for k = 2 the values ψ 2 Γ,∇ (ρ, v) are determined by the contractions ψ 2 Γ,∇ (ρ, v), (w w) ⊗ u for all v, u, w, Γ, ∇ as above, where denotes the symmetric tensor product. Then by the density argument and m ≥ 2, we can assume that v and w are linearly independent and u = 0.
Using the GL(m) × GL(n)-invariance of Δ D and Proposition 1, we can assume v = e 1 , w = e 2 , u = E 1 , where (e i ) is the standard basis in R m , (E p ) is the standard basis in R n and (E p ) is the dual basis in R n * . So we get that the operator Δ D is uniquely determined by the values ψ 0 Γ,∇ (ρ,
In other words, Δ D is uniquely determined by the values
for all ρ ∈ (J 2 R m,n ) (0,0) , all general connections Γ on R m,n and all torsion free classical linear connections
. . , y n for x ∈ R n and y = (y 1 , y 2 , . . . , y n ) ∈ R n . They preserve (y 1 ) a , y 2 , . . . , y n ) and a = 2, 3. So ψ a = id R m × H a for H a : R n → R n being a diffeomorphism preserving 0. Hence by Proposition 1 these FM m,n -maps ψ a : R m,n → R m,n for a = 2, 3 transform quasi-normal fibred coordinate systems into quasi-normal ones. Using the invariance of Δ D with respect to ψ a : R m,n → R m,n for a = 2, 3 and the density argument, we show that the values (15) and (17), we see that 
for unique real numbers a 
for some uniquely determined real numbers α 1 , α 2 , α 3 , β q12 , β q21 , β q22 , γ q12 , γ q21 , γ q22 and some uniquely determined bilinear function g. Now because of conditions (2) we have
Further evaluations give 
where β = β 1 + γ 1 . In other words,
for some uniquely determined real numbers α, β, β q , γ q and some uniquely determined bilinear function g, where j 2 (0,0) Γ is of the form (19) with the coefficients a 
for some ∇ l ij;k = ∇ l ji;k ∈ R satisfying some "classical" conditions and ρ is of the form (20) 
for all a ∈ R and all ρ ∈ (J 2 R m,n ) (0,0) . Next using the invariance of Δ D with respect to the homotheties 
But using the formula (23), we see that the last values are equal to zero. Therefore,
for any ρ ∈ (J 2 R m,n ) (0,0) . This gives that Δ D is determined by the real number α, the bilinear map g and the values (27)
The value (27) is determined by the evaluations 
Therefore, Δ D is determined by the evaluations
Then using the invariance of Δ D with respect to a t : R m,n → R m,n by a t (x, y) = (x, ty 1 , y 2 , . . . , y n ) for t > 0, we may assume p = 1, i.e. Δ D is determined by the evaluations
Then using the invariance of Δ D with respect to b t : R m,n → R m,n by b t (x, y) = (t 1 x 1 , . . . , t m x m , y 1 , . . . , y n ), we see that the values (30) are all zero except the values
Because of the invariance of Δ D with respect to exchanging x 1 and x 2 (i.e. with respect to the map c : R m,n → R m,n given by c( x 1 , x 2 , . . . , x m , y) = (x 2 , x 1 , . . . , x m , y) The proof of Theorem 1 is complete.
